In this paper, we extend Liao's newly invented MDDiM for a differential equation to a coupled system of nonlinear differential equations arising in SIR and SIS epidemic models. The method is novel, extended and is applied to the epidemiology models for the first time. Our analytical results agree well with the numerical results obtained by Runge-Kutta method. Errors ranging from 10 −5 to 10 −17 are obtained for a relatively few terms. Also, MDDiM uses less CPU time. Further, we present error plots and solution curves with numerical results to validate our approximate series solutions. This analytic approach is more general and can be used to analyze complicated models arising in mathematical biology, physics and engineering.
Introduction
Epidemiology is the branch of biology that deals with the mathematical modeling of the spread of diseases. Since the time of Kermack and McKendrick [1] , the study of mathematical epidemiology has grown repidly and multiple academic research papers discuss the SIR and SIS models (see [2] - [7] ). We consider the SIR model first, a model that is deterministic. The variables (S, I, and R) represent the number of people in each compartment at a particular time. The S stands for the susceptible, which can catch the disease. The I stands for the infective, which are infected and can transmit the disease to the susceptible. The R stands for the removed classes, who had the disease and recovered, died, developed immunity, or have been removed from contact with the other classes. Some infectives, for example those from the common cold and influenza, do not result in long-lasting immunity for the previously affected. Here, the infectives can return to the susceptible class after being healed, and therefore we use the SIS model. The SIS models are more effective for diseases caused by bacteria or helminthes agents, as well as for most sexually transmitted diseases. [1] provided the mathematical models for SIR and SIS. We use the MDDiM to get approximate series solutions. This is a creative and effective technique, which has been proven to work for strongly nonlinear differential equations [8] - [9] . In Sections 2 and 3 of this paper, we develop MDDiM solutions for SIR and SIS models, respectively. Our results are in very good agreement with Khan et al. [2] , Singh [7] , and also with the numerical results.
Kermack and McKendrick

MDDiM for SIR model
Consider the clasical SIR model [1] described by
with boundary conditions
where s(t), i(t), r > 0 and α > 0 denote susceptibles, infectives, infectivity coefficient of the typical Lotka-Volterra interaction term, and recovery coefficient, respectively. Additional initial conditions i ′ (0) = I 0 (rS 0 − α), s ′ (0) = −rS 0 I 0 were obtained from (2.1) and (2.2). From previous studies, i(t) decreases monotonically from I 0 to 0 when rS 0 α < 1, but increases to a maximum value and then decreases to zero when rS 0 α > 1. Hence, it always holds that
and S ∞ , I ∞ can be obtained for known values of S 0 , I 0 . Here, I 0 > 0, S 0 > 0 are given constants and I ∞ , S ∞ defined to be as follows
(2.5)
MDDiM deformation equations
The MDDiM is an extension to Optimal Homotopy Analysis Method (OHAM) ( see [10] - [11] ) which is an analitical method that used to solve nonlinear differential equations. Here, we first discuss the space that the solution come from and obtain the deformation equations for the coupled system. Then, apply the MDDiM to solve the deformation equations by introducing a suitable inverse mapping J . Next, define the base set for the initial guess as S * = { 1, e −βt , e −2βt } by taking the first three terms of the set S ∞ , and define spaces for initial guesses for s(t) and i(t) as
Define two nonlinear operators
Then the primary solutions, or the initial guesses, µ 1 (t), µ 2 (t) ∈ V * , have the following forms
so that S R is the basis for terms in the codomain of the nonlinear operators N 1 and N 2 . Further, all the functions expressed by S R form a set of functions, denoted by
Let us construct two homotopies of operators in order to apply OHAM as follows
Here, H 1 and H 2 are the homotopies between linear operators L 1 , L 2 and nonlinear operators N 1 , N 2 . Further, q ∈ [0, 1] is the homotopy parameter and c 0 , c 1 are non-zero auxiliary parameters, called the convergence control parameters.
In the frame of MDDiM, let us assume series solutions for s(t) and i(t) in terms of the homotopy parameter as
where s 0 (t) and i 0 (t) are the initial guesses that satisfy the boundary conditions (2.3) and belong to V * . It is straightforward to choose the initial guesses 
Here δ ξ k , for ξ = 1, 2, are homotopy derivatives and are defined to be
Similarly, substituting (2.18)-(2.19) into the homotopy defined in (2.17),the other set of deformation equations is obtained as
for k ≥ 1. In the frame of OHAM, equations (2.22)-(2.27) can be used to obtain approximate series solutions to the coupled nonlinear systems (see [11] - [17] ). The only drawback of OHAM is, it takes lot of CPU time. This happens because, first we choose auxiliary linear operators, and then solving the linear higher order deformation equation only to find out the inverse operator. However, in the frame of MDDiM we have freedom to define directly the inverse linear operator (see [8] - [9] ) leading to solve higher order deformation equations lot more faster than in OHAM. Now, following Liao's MDDiM, the deformation equations are
Since we know initial guesses, can find rest of the terms of series solutions by solving deformation equations (2.28)-(2.30).
In the present study we used the same inverse linear operator J for both equations. But some one could use different inverse linear operators to get different structures for solutions if required. We defined J :
where A, β are parameters which will be use to optimize the square residual error functions.
Results and Error Analysis
The approximate series solution for the coupled nonlinear system (2.1)-(2.2) with boundary conditions (2.3) are obtained using MDDiM. Further, error analysis is used to get a general idea about how accurate our approximate solutions are. First, define a three term approximations for s and i which are sum of the first three solutions to the MDDiM deformation equations. Then, define residual error functions N 1 [ s(t), i(t)] and N 2 [ s(t), i(t)] in order to obtain square residual error functions. Now, taking square of the L 2 -norm of residual error functions and setting converge control parameters to be c 0 = c 1 = h we define square residual error functions
But in practice the evaluation of E ξ [h, A, β ] is much time consuming so instead of exact residual error we use average residual error defined as
and define a total error function by taking affine combination of two square residual functions
Next, we optimize the total error function with respect to h, A and β and obtain optimal values for h, A and β . Substituting optimal values of h, A and β we obtain three term approximation solution to the nonlinear coupled system The plots of the approximate series solutions s(t) and i(t) were obtained for parametric values in the Table 1 and presened in Figs. 4-6 with numerical results. It is investigated that the present analytical results are in very good agreement with the numerical results (Runge-Kutta method). Also, we investigated that for S 0 r α > 1, I initially increases to some maximum number, but eventually decreases and aproches zero (see Fig. 6 ), and this indicates epidemic spreading behavior. But I tends to zero for S 0 r α < 1 (see Figs. 4 and 5) and this indicates no epidemic behaviour. Hence, our results agrees with qualitative analysis of Singh's [7] . Moreover, our analytical result agree well with the OHAM 3 MDDiM for SIS model
Consider the basic SIS model [1] described by 
In the SIS model, recovered members return to the class of susceptible at the rate of γi. Here, γ is the recovery coefficient.
MDDiM deformation equations
SIS model equations can be solved using a similar approach. From (3.35) and (3.36) we define
In the frame of MDDiM, we have the solution series for both s(t) and i(t)
where s 0 (t) and i 0 (t) satisfies all the boundary conditions, and s k (t) and i k (t) is given by
] + a k,2 e −2βt + a k,1 e −βt + a k,0 ,
where c 0 and c 1 are convergence-control parameters, J is directly defined inverse mapping, and
for ξ = 1, 2. such that V = V ∪ V * . It is obvious that s(t), i(t) ∈ V and δ k (t) ∈ V . Then, the initial guesses s 0 and i 0 satisfying conditions (3.37) are (3.52) from the space V * . Now we can obtain other terms of the series solutions using deformation equations (3.44), (3.45) and conditions (3.46 ). Further, we use the same inverse linear mapping J defined in (2.31) to obtain series solutions.
Results and Error Analysis
As in SIS model we defined total error
]) 2 for ξ = 1, 2.
(3.54) The plots of approximate series solutions s(t) and i(t) were obtained for parametric values in the Table 2 
Conclusions
In the present study, MDDiM has been developed and used to solve the SIR and the SIS models in biology. Approximate analytical solutions for the susceptibles and the infectives were found. Further, our analytical solutions are in good agreement with Khan et al. [2] and Singh [7] , and also with the numerical results.
The freedom of directly defining the inverse linear mapping leads to three term solutions with less complicated terms for the approximate series solutions and thus reduce the CPU time. Further, selected inverse linear mapping leads to three term solution with total error between 10 −5 to 10 −17 (see Table 1 and Table 2 ). Hence, we can conclude that MDDiM is not only efficient, but also accurate. Further, it is worth investigating how to find an inverse linear operator which gives high accuracy, or leads to easily generated solution terms, or both.
To our best knowledge, this is the first time MDDiM is used to solve mathematical models related to epidemiology. Further, this novel method is more general and can be used to analyze more complicated mathematical biology and other models in science and engineering.
